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The error of the best approximation of functions f'€ H® on the basis of given
Hermitian data {f%(x,), k=1,..,n, A=0, .., v, —1} is expressed by the Blaschke
product B(x;t) with zeros x =(x,, .., x,) of multiplicities v, ..., v,, respectively.
Given (v,)}, we prove the uniqueness of the nodes x* which are optimal of type
(V15 s V) 1.€., which minimize the uniform norm of B(x; -)in [a, 6] = (—1, 1) over
asx;< - <x,<b. The extremal function B(x*;t) is characterized by an
oscillation property. Finally, a comparison theorem is proved, showing the depen-
dence of the error on the order of the derivatives used in the information data.
© 1988 Academic Press, Inc.

1. INTRODUCTION

As usual H® is the Banach space of bounded analytic functions in the
disk D := {z: |z| <1} with norm

I/l ==sup{| f(2)|:ze D}.

Let [a, b] be a given subinterval of (—1, 1). We shall denote here by
| 1| the uniform norm of fin [a, b].

Our paper is concerned with the problem of best approximation of
functions f from H* on the basis of the data (/,(f), ..., [y(f)), where {I.}¥
are fixed continuous linear functionals. We first recall some facts and
definitions.

Denote by B(H™) the unit ball in H*, ie.,

B(H®):={feH®: | fllo<1}.
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Suppose that x is fixed in [a,b]. Any mapping S of the set
{(L(f), - IN(f)): fEe H®} into the complex plane C defines a method of
approximation

S = SU(f), s L)) (1)
with error
Rg(ly, o In)(x) = sup | f(x) =S(L,(f), o IS ) (X)) (2)
feB(H%)

The method S* for which
RS'(ll, (4] IN)(x) = R(ll’ e lN)(x) = HSIfRS(ll, ey lN)(x)

is said to be a best method of recovery of f(x) on the basis of the infor-

mation (/;(f), ... [y(f)).

It follows from a well-known general result due to Smolyak [9] (see also
[1] or [6, 10] for extensions) that

R(Iy, . I)(x) =sup{| f(x)|: fe BLH=), [|(f)= --- =1(f)=0}. (3)
Moreover, the minimal error R(/,, ..., /y)(x) is achieved by a linear method
of the form

fx)= Y enlx) Il f). (4)

Letting x to run over [a, ], we obtain a linear approximation scheme with
a nice extremal property. The quantity

R(lys s ) = IIRU s oy TN (5)

is the error of (4) in H*.

It is a natural question to ask for those functionals that minimize
R({y, .., Iy). Tt turns out that the function evaluations f(x¥), .., f(x}) at
some special points a<xf< --- <x¥<b form a system of extremal
functionals. We prove this in Section 3.

Next we concentrate on the case when the information Iy, s ly) is
Hermitian data {f"%(x,), k=1,.,n A=0,.,v,—1}, where a<
x; < --- <x,<band (v,)7 are fixed natural numbers, vl + .-+ +v,=N.The
Blaschke products

B(x;2):= ﬁ (l—zx>w
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appear prominently in the study of this important case. It follows easily
(see [7]) from the maximum of the modulus theorem that for each ze D,

|B(%; 2) = sup{| f(z)]: fe BLH™), fPx,) =0, k=1, ... n i=0, ., ve—1}.

Thus, in view of the definitions (3) and (5), the best choice of the points of
evaluation is that one which minimizes the uniform norm of the Blaschke
product B(¥;-)in [a, b], over the set a<x,; < --- <x,<b.

DEerINITION. The nodes x* = (xF, ..., x¥) are said to be optimal of type
(v, v, in H* if a<x}¥< --- <x¥<b and

|B(x*; )l = inf{ | B(E; ) a<x, < - <x,<b}.

We prove in Theorem 2 below the uniqueness of the optimal nodes. As
an auxiliary result we show the existence and uniqueness of the Blaschke
product B(x;z) that has preassigned local extremums.

2. MaIN RESULTS
We start with a simple lemma.

LemMa 1. Let (x,)] be arbitrary points such that —1<x,<.-.-<
X, <l. Then the functions

1

-1 ... .=1, weey Ty
T—m)—x) "

(1) =

form a Tchebycheff system on A :=(—1,1)/{x,, ..., x,,}.

Proof. Assume the contrary. Then there exist distinct points (7,){ in 4
and a non-zero linear combination ¢ of {¢;}7 such that ¢(r;)=0 for
j=1, .., n Since

oi(1/1;) = tu(1),
we conclude that
o(l/r)=1(r)=0 if 1;#0. (6)

On the other hand, ¢(t)=P(2)/Q(t), where P and Q are algebraic
polynomials, Q(¢) #0 in A, and P is of degree 2n — 2. At least n— 1 points
from the set (1)} are distinct from zero. Then, it follows from (6) that P
has at least 2n— 1 zeros and consequently P(r)=0, which leads to a
contradiction with the assumption that ¢(¢) is non-zero. The proof is
completed.



70 BOJANOV AND GROZEV

It is seen by the same argument that {¢,} is actually an Extended
Tchebycheff system on 4.
Note that
B(x1)=B(%1) Y vw(l—x}) o t) for ted.

k=1

Then, it follows from Lemma 1 that B’'(x; ¢) has exactly one (simple) zero ¢,
in (x,x,,,), i=1,.,n—1, and these are all zeros of B'(X; t) in A. Thus,
introducing the notations

Op =V 1+ - +V,, k=0,..,n—1, 6,.=0,

we have
sign B(x; 1, )=(—1)%, k=0,..,n, (7)

where ty=a, t,=b.
Next we prove a theorem about the existence of a Blaschke product
having a preassigned shape.

THEOREM 1. Let —1<a<b< ). Given (v.)} and the numbers (h,)3,
satisfying the conditions h, # 0,

sign b, = (—1)%, k=0,..,n,

there exists a unique system of points (x,); and a constant ¢ >0 such that
a<x, < --<x,<band

CB(X‘; tk)=hk’ k=0, ey R
where (1,)7~! are the zeros of B'(X;1),
a=ty<x, <t <---<x,<t,=b.

Proof. According to the remark after Lemma 1, the zeros ()} ' of
B'(x; t) are uniquely determined by the points x = (x, ..., x,). Moreover,
by the implicit function theorem, t;=1(x,,.., x,) is a differentiable
functionin — 1 <x, < --- <x,< 1. We are seeking a solution ¢, x,, ..., x,, of
the system

Jile, X1y vy X)) i=eB(X; tidX 1, s X)) = hy, k=0,..n 8)
Consider the Jacobian

_ D(an ""fn)

_D(Cs xl, ey xn)
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of (8). We first prove that detJ#0 at each point (c, Xy, ..., X, hg, ..., 1))
satisfying (8) with A, ---h,#0. In order to do this, note that

T b1y,
oc

o 0B(x; 1) "o OB(X; 1) Ot
e YL

7 r =1 J
=cB(%; 1) V,—(f/f —1)olr)

Therefore, remembering that ¢B(X; t,) = h,, we get
hofe vt — 1) ho@ (to) -+ v, (15— 1) ho@u(to)
J=| hije vi(tE—=1) he@ (1) - v, (17 — 1) A @a(ty)

hn/c vl(’i—l)hnq)l(tn)“'vn(tﬁ_l)hn(pn(tn)

Evidently,

detJ=c"' Y (—1)*h,det4,, 9)

k=0
where we have denoted by 4, the matrix obtained from J by deleting the
first column and (k + 1)st row. Further,

detAk=(—1)"‘:1---\',,Iﬂ[h,-(l—t})-det(bk, (10)
j=0
I*k
where
D, = {(pi(ti)}?=0,i¢k,/"1=l -

Since {7} < 4, it follows from Lemma 1 that det &, # 0. One must deter-
mine the sign of det @,. To do this, observe that

det &(x, 7) :=det{o(t,)}7_, I,

is a continuous function of the parameters (x,, .., x,) and (z,, .., t,} in the
domain

AT <X < - KX (LT <X <Xy (1 <Tp 1< -+ <Xx,<1,<b,
which we denote here by Q. Moreover, det &(x, 7)#0 in 2 and

det &(%, 7) = det &, (11)
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for (ty, .., 1,)=(tgs s tx — 1, ti s 15 - 1,). On the other hand, choosing 7,
very close to x; (j=1,..,n), ®(x, ) becomes a matrix with a dominant
main diagonal. Thus

sign det &(x, 7) =sign [ ] (1,—x,)=(—1)*
j=1
for this special choice of ¥ and 7. Then by continuity, it follows from (11)
that

signdet ®, = (—1)*, k=0,..,n (12)

Using (12) in (10) we get from (9) that

det J=(—1)"v,---v,e ' Tl A(1—=12) Y |detd,| (1—12)"". (13)

j=0 k=0

Therefore det J#0 if hy---h,#0. Now let us return to the system (8).
Clearly, for each ¢®>0 and a< x9< --- <x%<b, there exist unique (hj.’)g
satisfying (8). A? is just the jth local extremum of ¢°B(x% ) in 4. We fix
some arbitrary (c°, x°) and consider the system (8) with a right-hand side
hk(s) = Shk + (1 —S) hg, le,

cB(x; t,) = h(s), k=0,..n (14)

Here s is a parameter in [0, 1]. The system (14) has a solution (c°, £°) for
s=0. Denote by J(s) the Jacobian of (14). Since sign A9 = (— 1) =sign h,,
it is clear that A,(s) #0 for 0 <s < 1. Therefore

det J(s)#0 for 0<s<1

at each point (¢, x4, ..., X,,, 1,(s), ..., h,(s)) satisfying (14). It follows from
(14) that ¢ is bounded by an absolute constant. Then by the implicit
function theorem (as in [57), there exists a unique system of continuous
functions (c(s), X(s)) such that ¢(0)=c°, %(0)=x° and (c(s), %(s)) satisfies
(14) for each se [0, 1]. Hence (c(1), x(1)) is a solution of our system (8).

To establish the uniqueness of the solution we consider the mapping
Vv ¥ -4,

Zi={(c,x), 0, X,):c>0,a<x, < --- <x,<b},

which transforms the starting points {c°, x°) into (¢(1), x(1)). Note that:
(a) ¥ is a continuous map of & into itself.
Indeed, the functions c(s), X(s) satisfy the equation
ofy de & Ofy dx,

Yk 4 i k=0, ..n, 15
aC dS+ Z 5x,- dS hk(s)’ s vy 1 ( )

t=1
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in [0, 1]. In addition, the Jacobian of (15) is actually J and therefore non-
zero. Then by a classical result from the theory of differential equations,
c(s), x(s) depend continuously on the initial conditions c(0) = ¢, %(0) = x°.

(b) Y(&) consists of isolated points.

This follows directly from the fact that det J(1) #0.
Now, by property (a), Y(Z') is connected. Then the second property (b)
implies that ¥(Z') consists of only one point. The proof is completed.

The polynomial analogue of Theorem 1 was proved by the first author in
[3]. Next Barrar and Loeb [2] extended the result to Tchebycheff systems
modifying and improving the differential equations approach of Fitzgerald
and Schumaker [5]. Our proof is based on their modification.

COROLLARY 1. The coefficient ¢ in (8) is a strictly increasing function of
|, k=0, .., n.

Proof. Suppose that ¢ satisfies (8). Then by the implicit function
theorem,

dc (—1)Fdet4,

oh,  detJ

Using (10), (12), and (13) one easily verifies that

dc
ign — = (—1)%
sign ah, (-1)

This proves the assertion, since sign A, = (— 1)°%, as specified in Theorem 1.

We can now proceed to our main result.

THEOREM 2. Given [a, b] < (—1, 1) and multiplicities (v,)?, there exists
a unique system of points E=(£,)], a< &, < - <&,<b, such that

IB(&; - )| =inf{||B(x;-)l:a<x, < -+ <x,<b}. (16)

Moreover, the extremal Blaschke product B(;t) is characterized by the
property that there exist points a=t,<t, < --- <t,_,<t,=b at which

B&t)=(=D)* B,  k=0,.,n
Proof. 1t is not difficult to see that

x—(a+e)
1—x(a+¢)

X—a

1 —xa
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ona+e<x<bfor0<e<b—a Then
| B(x,; ) <[ B(x; - )

for sufficiently small ¢>0 if x=(a, x5, .., x,) and X,=(a+¢, x5. .., X,,).
Thus we need to prove (16) in the set of those x for which a < x|, x,<b.

According to Theorem 1, there exist unique c¢*>0 and ()7, a<
&< .- <&, <b, such that the Blaschke product B(&;r) satisfies the
equations

c*B(& ) =(— 1), k=0, .. n,
where ty=a, t,=b, and ()" ' are the zeros of B'(ft) in
(—13 1)/{615 seey é,,}. Clearly
IB(E; ) = h* =1 c*.

Let us assume that some B(¥:¢) with a<x, < --- <x,<b satisfies the
inequality | B(X; -)|| < h*. Then

[hel < h*, k=0, .. n,

where the (h,); are the corresponding local extremums of B(x;r) in
[a, b1/{xy, . x}. If |he]=h* for all k, then, according to Theorem 1,
&=x and therefore B(X; t)= B(¢; t). Suppose that |h,| < h* for at least one
k. Since, by Corollary 1, ¢ is an increasing function of |A,|, we get

P =c(Jhgl, - |h,]) < c(h®, .., h*) =1,
a contradiction, which shows that
I1B(E; ) < | B(%; )

for each a< x, < --- <x,<b. The theorem is proved.

A. Pinkus treats in [8, p. 268] the simple node case of Theorem 2 (i.e.,
when v, = .-- =v,=1). The uniqueness part of his elegant proof relics
essentially on the fact that the nodes are simple. Here, as in many other
extremal problems in approximation theory, the study of the multiple node
case needs a certain deeper observation. Our proof of Theorem 2 is based
on the strict monotonicity of the leading coefficient c¢. This property was
observed and exploited first in [3].

3. CoMPARISON THEOREMS

In view of the relation between the Blaschke products and the optimal
recovery of functions in H* on the basis of Hermitian data, Theorem 2
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asserts the existence and uniqueness of optimal nodes of any fixed type

(Viy ey V)
We will show here how the error E(v,, ..,v,) of the optimal recovery
depends on the type (v, ..., v,) of the information data. To be precise,

E(vi, . v,) =B )],
where £ are the extremal points described in Theorem 2.
THEOREM 3. Let (v,)} be arbitrary natural numbers and [a,b]c
(—1,1). Then
E(WV s s Vi1 Vies e VI E(WV |y ety Vi 4+ Vg ey V)
for each 2<k<n.

Proof. Let us note first that B(X; ¢) is a continuous function of its zeros
Xiyen X, IN a<x;< --- €Xx,<b. Further, it is not difficult to see that
|y — x4 1|20 as |h) -0 if other |h] held fix (h; being the local
extremum of B(x;t) in (x; x,.,)). Since, by Theorem 1, each
c(h) B(x(h); t) is uniquely determined by its &= (h,, ..., h,), we conclude
from the above-mentioned facts that c(#) B(x(h);t) tends uniformly in
[a, b] to coBy(t) as h,—0 (h;, i#k, remaining fix), where ¢, and the
Blaschke product B, are defined by a system like (8) of n equations with
parameters Vi, .., Vi_3, Vi_1+ Ve, Viyps-V, and a right-hand side
Ry o Py 1> gy 1y o B,. Thus we can define c(hy, ... by _(, 0, By yy o 1)
as ¢y, by continuity. Then, according to Corollary 1,

ch)>c, if he>0. (17)

Let B(r) and B(f;t) be the extremal Blaschke products (as in
Theorem 2) for the parameters (v, .., vy _; + Vi, () o Vo) and (v, ., vy,
Vs s V,), TEspectively. Put, for convenience,

h* = |B(& ), k¥ :=(=1)"h* i=0,..,n
Then, by (17),
1= c(h, s hE)> c(hE, s BE_ 1,0, hE, |, o h¥) =1 cE.
Since || B(&;-)|| = |c¥B||, we see that

1BCE; )l < I1BIl,

which was to be shown. The proof is completed.

640.53 [-6
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Using Theorem 3 we can state the main assertion of Theorem 2 in the
more general form

I1B(; ) =inf{[|B(X; )l a<x, < -+~ <x,<b}. (18)

Denote by E the error E(1, ..., 1) of the optimal recovery in the case of
N simple nodes. As an immediate consequence of Theorem 3, we get

COROLLARY 2. Let N=v, + --- +v,. Then
E.<E(v,..,v,).

The equality is attained if and only if vi= .- =v,=1.

Thus the evaluation at the optimal points x¥, .., x¥ of type (1, .., 1) is
the best information in the class of all Hermitian type N evaluations. In the
next theorem we show even more.

THEOREM 4. Let I, .., Iy be arbitrary continuous linear functionals
defined in H*. Then

Ey<R(y, ..., Iy).
Proof. 1t was shown in {4] (see also [8]) that there exists a Blaschke
product B with N zeros in D such that
[.(B)=0, k=1,..,N.
Next, by Proposition 4.6 of [8], | B*|| < | Bll, where B*(t) is the extremal

Blaschke product as in Theorem 2 forn=Nand v, = --- =v,=1. Now, an
application of (3) gives

R(l, .. IN)Z ||B|| = || B*|| = E,

which completes the proof.
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